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Abstract
Using the theory of Hankel convolution, continuous and discrete Bessel wavelet transforms are de2ned.
Certain boundedness results and inversion formula for the continuous Bessel wavelet transform are obtained.
Important properties of the discrete Bessel wavelet transform are given.
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1. Introduction
Let  be a positive real number. Set
(x) =
x2
2+1=2(+ 32)
(1)
and
j(x) = Cx1=2−J−1=2(x); C = 2−1=2(+ 12); (2)
where J−1=2(x) denotes the Bessel function of order − 12 .
We de2ne Lp;(0;∞); 16p6∞, as the space of those real measurable functions  on (0;∞)
for which
‖‖p; =
[∫ ∞
0
|(x)|pd(x)
]1=p
¡∞; 16p¡∞;
‖‖∞;  = ess sup
0¡x¡∞
|(x)|¡∞:
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For each ∈L1; (0;∞), the Hankel transform of  is de2ned by
ˆ(x) :=
∫ ∞
0
j(xt)(t) d(t); 06 x¡∞: (3)
From [4, p. 314] we know that ˆ(x) is bounded and continuous on [0;∞) and
‖ˆ(x)‖∞; 6 ‖‖1; : (4)
If (x)∈L1; (0;∞) and if ˆ(t)∈L1; (0;∞), then by inversion, we have [4, p. 316]
(x) =
∫ ∞
0
j(xt)ˆ(t) d(t); 0¡x¡∞: (5)
If (x) and (x) are in L1; , then the following Parseval formula also holds [7, p. 127]:∫ ∞
0
ˆ(t)ˆ(t) d(t) =
∫ ∞
0
(x)(x) d(x): (6)
To de2ne the Hankel convolution # we need to introduce Hankel translation [3]. De2ne
D(x; y; z) : =
∫ ∞
0
j(xt)j(yt)j(zt) d(t)
= 23−5=2[(+ 12)]
2(()1=2)−1(xyz)−2−1[(xyz)]2−2; (7)
where (x; y; z) denotes the area of a triangle with sides x; y; z if such a triangle exists and zero
otherwise. Clearly, D(x; y; z)¿ 0 and is symmetric in x; y; z. Applying, inversion formulae (5)–(7)
we get∫ ∞
0
D(x; y; z)j(zt) d(z) = j(xt)j(yt); 0¡x; y¡∞; 06 t ¡∞: (8)
Now, setting t = 0 we obtain∫ ∞
0
D(x; y; z) d(z) = 1: (9)
The Hankel translation y of ∈Lp;(0;∞); 16p6∞, is de2ned by
y(x) = (x; y) :=
∫ ∞
0
(z)D(x; y; z) d(z); 0¡x; y¡∞: (10)
Trime’che [5, p. 177] has shown that the integral is convergent for almost all y and for each 2xed
x, and for 2xed x,
‖(x; :)‖p;6 ‖‖p;: (11)
The map y → y is continuous from [0;∞) into (0;∞).
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Let p; q; r ∈ [1;∞) and 1=r = (1=p) + (1=q) − 1. The Hankel convolution of ∈Lp;(0;∞) and
∈Lq;(0;∞) is de2ned by
(#)(x) :=
∫ ∞
0
(x; y)(y) d(y): (12)
In [5, p. 179] the integral is convergent for almost all x; 0¡x¡∞ and
‖#‖r;6 ‖‖p;‖‖q;: (13)
Moreover, if p=∞, then (#)(x) is de2ned for all x; 0¡x¡∞, and is continuous.
If ;∈L1; (0;∞) then from [4, p. 314]
(#)∧(t) = ˆ(t)ˆ(t); 06 t ¡∞: (14)
In this paper, in terms of the aforesaid Hankel translation y, and dilation Da de2ned by
Da(x; y) := a−2−1(x=a; y=a); (15)
the continuous Bessel wavelet transform (BWT) is de2ned. Its continuity and boundedness properties
are established. An inversion formula is obtained. A discrete version of the BWT is given.
2. The continuous BWT
Let ∈Lp;(0;∞); 16p¡∞, be given. For b¿ 0 and a¿ 0 de2ne the Bessel wavelet
b;a(x) := Dab(x) = Da(b; x) = a−2−1(b=a; x=a) (16)
:= a−2−1
∫ ∞
0
D(b=a; x=a; z)(z) d(z); (17)
the integral being convergent by virtue of (11).
Using the wavelet b;a we now de2ne the BWT.
B(b; a) := (Bf)(b; a)
:= 〈f(t); b;a(t)〉
=
∫ ∞
0
f(t)b;a(t) d(t) (18)
=a−2−1
∫ ∞
0
∫ ∞
0
f(t)(z)D(b=a; t=a; z) d(z) d(t) (19)
provided the integral is convergent.
The continuity of the Bessel wavelet follows from the boundedness property of the Hankel trans-
lation [5, (1.20), p. 177].
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Lemma 1. Let ∈Lp;(0;∞); 16p¡∞. Then for y¿ 0,
(1) the map y → yf is continuous from Lp;(0;∞) into Lp;(0;∞).
(2) the function b;a is de6ned almost everywhere on [0;∞), and ‖b;a(x)‖p;6a(2+1)(1=p−1)‖‖p;.
The existence of the BWT is given by the following theorem.
Theorem 2. Let f∈Lp;(0;∞) and ∈Lq;(0;∞) with 16p; q¡∞ and 1=p + 1=q = 1, and
B= (Bf)(b; a) be continuous wavelet transform (18). Then
(1) B(b; a) is continuous on (0;∞)× (0;∞),
(2) ‖(Bf)(b; a)‖r;6 a(2+1)=r‖f‖p;‖‖q;; 1=r = (1=p) + (1=q)− 1; 16p; q; r ¡∞,
(3) ‖(Bf)(b; a)‖∞; 6 a(2+1)(1=q−1)‖f‖p;‖‖q;; (1=p) + (1=q) = 1.
Proof.
(1) Let (b0; a0) be an arbitrary but 2xed point in (0;∞)× (0;∞). Then by HIolder’s inequality,
|B(b; a)− B(b0; a0)|
6 a−2−1
∫ ∞
0
∫ ∞
0
|f(t)(z)[D(b=a; t=a; z)− D(b0=a0; t=a0; z)]| d(t) d(z)
6 a−2−1
[∫ ∞
0
∫ ∞
0
|f(t)|p|D(b=a; t=a; z)− D(b0=a0; t=a0; z)| d(t) d(z)
]1=p
×
[∫ ∞
0
∫ ∞
0
|(z)|q|D(b=a; t=a; z)− D(b0=a0; t=a0; z)| d(t) d(z)
]1=q
:
Since, by (9)
∫∞
0 |D(b=a; t=a; z)| −D(b0=a0; t=a0; z)|d(t)6 2, by dominated convergence the-
orem and continuity of D(b=a; t=a; z) in the variables b and a, we have
lim
b→b0
a→a0
|B(b; a)− B(b0; a0)|= 0:
This proves that B(b; a) is continuous on (0;∞)× (0;∞).
(2) Inequality (2) follows from (13).
(3) It can be proved using HIolder’s inequality.
3. An inversion formula
In this section, we show that the function f can be recovered from its wavelet transform when
the wavelet  satis2es admissibility condition (20).
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Theorem 3. Let ∈L2(R+) be a basic wavelet which de6nes Bessel wavelet transform (18). Then,
for
A :=
∫ ∞
0
w−2−1|ˆ(w)|2 dw¿ 0; (20)
we have∫ ∞
0
∫ ∞
0
(Bf)(b; a)(Bg)(b; a)a−2−1 d(a) d(b) = A〈f; g〉 (21)
for all f; g∈L2(R+).
Proof. In view of representation (7) we have
(Bf)(b; a)
=a−2−1
∫ ∞
0
∫ ∞
0
f(t) K(z)D(b=a; t=a; z) d(z) d (t)
=a−2−1
∫ ∞
0
∫ ∞
0
fˆ(x=a) K(z)j(bx=a)j(zx) d(x) d(z)
=a−2−1
∫ ∞
0
fˆ(x=a)ˆ(x)j(bx=a) d(x)
=
∫ ∞
0
fˆ(u)ˆ(au)j(bu) d(u)
=
(
fˆ(u)ˆ(au)
)∧
(b): (22)
Parseval identity (6) yields∫ ∞
0
[(Bf)(b; a)(Bg)(b; a)] d(b)
=
∫ ∞
0
(fˆ(u)ˆ(au))∧(b)(gˆ(u)ˆ(au))
∧
(b) d(b)
=
∫ ∞
0
fˆ(u)ˆ(au)gˆ(u)ˆ(au) d(u):
Now multiplying by a−2−1 d(a) and integrating, we get∫ ∞
0
∫ ∞
0
[(Bf)(b; a)(Bg)(b; a)]a−2−1 d(a) d(b)
=
∫ ∞
0
(∫ ∞
0
fˆ(u)ˆ(au)gˆ(u)ˆ(au) d(u)
)
a−2−1 d(a)
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=
∫ ∞
0
fˆ(u)gˆ(u) d(u)
∫ ∞
0
ˆ(au)ˆ(au)a−2−1 d(a)
=
∫ ∞
0
fˆ(u)gˆ(u) d(u)
∫ ∞
0
|ˆ(au)|2a−2−1 d(a)
=
∫ ∞
0
fˆ(u)gˆ(u) d(u)
∫ ∞
0
|ˆ(w)|2w−2−1 d(w) = A〈f; g〉:
Notice that admissibility condition (20) requires that ˆ(0) = 0. If ˆ is continuous then from (3) it
follows that
∫∞
0 (x) d(x) = 0. This justi2es the name wavelet to such a function.
Example 4. Assume that
f(t) = t−"; 0¡"¡ 2+ 1:
Then the Bessel wavelet transform of t−" is given by
{B(t−")}(b; a)
=a−2−1
∫ ∞
0
t−"(b=a; t=a) d(t)
=a−2−1
∫ ∞
0
(z)
(∫ ∞
0
t−"D(b=a; t=a; z) d(t)
)
d(z): (23)
Using representation (7) the inner integral can be evaluated by means of the formula [6, p. 391 (1)].
Thus ∫ ∞
0
t−"D(b=a; t=a; z) d(t)
=c
a2+1((−"+ 2+ 1)=2)
2"−−1=2(("+ 1)=2)
(zba)1=2−
∫ ∞
0
J−1=2(bx)J−1=2(zax)x"−2 dx:
Now, evaluating the last integral by means of the formula [2, p. 47(4)], and substituting the value
of the t-integral in (23) we obtain
{B(t−")}(b; a)
=
c((−"+ 2+ 1)=2)("=2)22(=2−")
(+ 1=2)2"−−1=2(− "=2 + 1=2)∫ ∞
0
(b+ za)−"2F1("=2; ; 2; 4bza=(b+ za)2](z) d(z) (0¡"¡ 2+ 1; a; b¿ 0): (24)
Example 5. In this example we take = 32 and consider the BWT of order
1
4 .
Choose
f(t) = t−3 sin(w0t); w0¿ 0: (25)
R.S. Pathak, M.M. Dixit / Journal of Computational and Applied Mathematics 160 (2003) 241–250 247
Then we have
{B(t−3 sin(w0t))}(b; a)
=a−4
∫ ∞
0
t−3 sin(w0t)(b=a; t=a) d(t)
=a−4
∫ ∞
0
(z)
(∫ ∞
0
t−3 sin(w0t)D(b=a; t=a; z) d(t)
)
d(z): (26)
Now, substituting the value of D(b=a; t=a; z) from (7) and evaluating the resulting t-integral by means
of the formula [6, p. 405(2)], we get∫ ∞
0
t−3 sin(w0t)D(b=a; t=a; z) d(t)
=2a4w0(bza)−1
∫ ∞
0
x−2J1(bx)J1(zax) dx
=
{
a4b−2w0; 0¡z6 b=a;
a4(za)−2w0; b=a6 z¡∞
in [2, p. 47 (2)]. Therefore, (26) yields
{B(t−3 sin(w0t))}(b; a)
=(w0=b2)
∫ b=a
0
(z) d(z) + (w0=a2)
∫ ∞
b=a
z−2(z) d(z) (b; a¿ 0): (27)
4. Discrete BWT
In this section, we assume that ∈L2(R+) satis2es the so-called “stability condition”.
A6
∞∑
j=−∞
|ˆ(2−ju)|26B a:e: (28)
for certain positive constants A and B, 0¡A6B¡∞. Here ˆ denotes the Hankel transform
of . ∈L2(R+) satisfying (28) is called dyadic wavelet [1].
We de2ne the semi-discrete Bessel wavelet transform by
(Bj f)(b)
:= (2j)2+1(Bf)
(
b;
1
2j
)
= (2j)2+1(2j)2+1
∫ ∞
0
f(t)(b2j; t2j) d(t)
=22j(2+1)(f#j); j∈Z: (29)
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Now, using Parseval identity (6), (28) yields the following:
A‖f‖226
∞∑
j=−∞
‖Bj f‖226B‖f‖22; f∈L2(R+) (30)
for the same constants A and B.
Theorem 6. Let  satisfy the stability condition (28). Then  is a basic wavelet satisfying
A ln26
∫ ∞
0
|ˆ(u)|2
u
du6B ln 2: (31)
Moreover, if A= B in (28), then
C :=
∫ ∞
0
|ˆ(u)|2
u
du= A ln2:
Proof. Since∫ 2
1
|ˆ(2−ju)|2
u
du=
∫ 2−j+1
2−j
|ˆ(x)|2
x
dx;
dividing each term in (28) by u and integrating with respect to u from 1 to 2, we obtain
A ln 26
∫ ∞
0
|ˆ(u)|2
u
du6B ln 2:
The stability condition is useful in recovering any f∈L2(R+) from its Bessel wavelet transform
values (Bf)(b; 2−j); j∈Z. Let us de2ne another wavelet ∗ by means of its Hankel transform
ˆ∗(u) :=
ˆ(u)∑∞
k=−∞ |ˆ(2−ku)|2
: (32)
In view of (28) and (29), for any f∈L2(R+), we have
∞∑
j=−∞
∫ ∞
0
(Bj f)(b){(ˆ∗(2−ju)j(tu))∧(b)} d(b)
=
∞∑
j=−∞
∫ ∞
0
(Bj f)
∧(w)(ˆ∗(2−jw))j(tw) d(w)
=
∞∑
j=−∞
∫ ∞
0
fˆ(w)ˆ(2−jw)ˆ∗(2−jw)j(tw) d(w)
=
∞∑
j=−∞
∫ ∞
0
fˆ(w)ˆ(2−jw)
ˆ(2−jw)∑∞
k=−∞ |ˆ(2−k2−jw)|2
j(tw) d(w)
=
∫ ∞
0
fˆ(w)j(tw) d(w) = f(t): (33)
R.S. Pathak, M.M. Dixit / Journal of Computational and Applied Mathematics 160 (2003) 241–250 249
This leads to the following de2nition of dyadic dual.
De$nition 7. A function ∈L2(R+) is called a dyadic dual of a dyadic wavelet  if every
f∈L2(R+) can be expressed as
f(x) =
∞∑
j=−∞
∫ ∞
0
(Bj f)(b){(˜(2−ju)j(tu))∧(b)} d(b)
=
∞∑
j=−∞
(2j)2+1
∫ ∞
0
(Bf)
(
b;
1
2j
)
{(˜(2−ju)j(tu))∧(b)} d(b):
So far we have considered semi-discrete BWT of an f∈L2(R+). Now, we discretize the translation
parameter b also by restricting it to the discrete set of points
bj;k :=
k
2j
b0; j∈Z; k ∈N0; (34)
where b0¿ 0 is a 2xed constant. We write
b0;j;k(t) := bj;k;aj(t) = 2
j(2+1)(kb0; 2jt): (35)
Then the Bessel wavelet transform of any f∈L2(R+) can be expressed as
(Bf)(bj;k;aj) = 〈f;b0;j;k〉; j∈Z; k ∈N0: (36)
The “stability” condition for this reconstruction takes the form
A‖f‖226
∑
j∈Z
k∈N 0
|〈f;b0;j;k〉|26B‖f‖22; f∈L2(R+) (37)
for certain positive constants A and B satisfying 0¡A6B¡∞.
De$nition 8. A function ∈L2(R+) is said to generate a frame {b0;j;k} of L2(R+) with sampling
rate b0¿ 0 if (37) holds for some positive constants A and B. If A= B, then the frame is called a
tight frame.
Under stability condition (37), we assert that f∈L2(R+) can be recovered from its Bessel wavelet
transform given by (36). To prove the above assertion de2ne the linear operator T on L2(R+) by
Tf :=
∑
j∈Z; k∈N 0
〈f;b0;j;k〉b0;j;k ; f∈L2(R+):
Then by stability condition (37), T is a one–one bounded linear operator.
For any g= Tf , where f∈L2(R+), we have
〈Tf ; f〉=
∑
j∈Z
k∈N 0
|〈f;b0;j;k〉|2:
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Therefore,
A‖T−1g‖22 =A‖f‖226 〈Tf ; f〉
= 〈g; T−1g〉6 ‖g‖2‖T−1g‖2;
which gives
‖T−1g‖26 1A‖g‖2:
Hence, every f∈L2(R+) can be reconstructed from its BWT values given by (36). Thus,
f = T−1Tf =
∑
j∈Z
k∈N 0
〈f;b0;j;k〉T−1b0;j;k : (38)
Using the notation
j;kb0 := T
−1b0;j;k ; j∈Z; k ∈N0;
reconstruction formula (38) may be written as
f =
∑
j∈Z
k∈N 0
〈f;b0;j;k〉j;kb0 :
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